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Abstract. The variational Bayes learning is widely used, because it provides both computational tractabil-
ity and good generalization performance. However its theoretical properties, for example, the effect of
hyperparameters to the learning result, has not yet been clarified. In this paper, we prove the asymptotic
behavior of the variational free energy in a Bernoulli mixture model and show that the variational posterior
distribution has phase transition according to the hyperparameters. We also discuss the design method of
hyperparameters based on theoretical foundation.

1 Introduction

A multivariate Bernoulli mixture model is applied to image analysis, text classification, and discrete data
clustering [7, 8]. Among of its training algorithms, the variational Bayes (VB) learning was proposed as the
variational optimization or the mean field approximation of the joint distribution of parameters and hidden
variables [1–3]. Although the VB learning has been successfully applied to many real-world data analysis, its
theoretical property has been left unknown.

Recently the asymptotic variational free energy has been studied in case of mixture of the exponential
families, and it was reported that its upper and lower bounds are given by the non-smooth function of the
hyperparameter of the prior distribution for the mixing ratio, which indicates the phase transition occurs [4–6].
In the neighborhood of the phase transition, the posterior distribution changes drastically, hence we need to use
the appropriate hyperparameter according to the purpose of application [10].

In this paper, we prove the asymptotic behavior of the vatiational Bayes free energy in a Bernoulli mixture
model, and clarify the phase transition structure for two hyperparameters of both the mixing ratio and Bernoulli
distribution. These theoretical results will be useful to make the design method of hyperparameters in a Bernoulli
mixture.

2 Bernoulli mixuture

In this section, we introduce a Bernoulli mixture and its a priori distribution. Let x = (x1, · · · , xM )T be an M
dimensional binary datum, xi = 0, 1, and µ = (µ1, · · · , µM )T be a parameter which satisfies 0 ≤ µi ≤ 1. The
Bernoulli distribution is defined by

B(x|µ) =
M∏

i=1

µxi
i (1− µi)(1−xi),

which is equivalent to xi = 0, 1 with probabilities µi, 1− µi respectively. The Bernoulli mixture is defined by

p(x|π,µ) =
K∑

k=1

πkB(x|µk), (1)

where π = (π1, π2, ..., πK) denotes the mixture ratio of {B(x|µk)} and K is the number of components. Note
that πi ≥ 0 and π1 +π2 + · · ·+πK = 1. The set of hidden variables is introduced as a K dimensional competitive
vector z = (z1, z2, ..., zK), where only one of zk is equal to one and the others are zero. Then the simultaneous
distribution of (x,z) is

p(x,z|π,µ) =
K∏

k=1

(
πkB(x|µk)

)zk

. (2)
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Moreover
∑

z p(x,z|π,µ) = p(x|π,µ). In variational Bayes learning, the conjugate prior distributions are
employed for the a priori distributions. The Dirichlet and Beta distributions are respectively defined by

Dir(π|a) =
Γ (

∑
k ak)∏

k Γ (ak)

K∏

k

πak−1
k , (3)

Beta(µ) =
(

Γ (b1 + b2)
Γ (b1)Γ (b2)

µb1−1(1− µ)b2−1

)
, (4)

where a = (a1, a2, ..., aK) and b = (b1, b2) are sets of constants. In this paper, we study the case when the prior
distributions of π and µ are prepared respectively by

p(π) = Dir(π|a, a, ..., a), p(µ) =
K∏

k=1

M∏
m=1

Beta(µkm|b, b), (5)

where a > 0 and b > 0 are hyperparameters. Let N be the number of training samples and X = {x1, · · · ,xN}
be the set of all training samples. The set of all corresponding hidden variables is denoted by Z = {z1, · · · ,zN}.
Then the distribution of X and Z for given parameters π and µ is given by

p(X,Z|π,µ) =
N∏

n=1

K∏

k=1

(
πk

M∏
m=1

µxnm

km (1− µkm)(1−xnm)

)znk

. (6)

The simultaneous distribution of (X,Z,π,µ) is

p(X,Z,π,µ) = p(X,Z|π,µ)p(π)p(µ).

The Bayes free energy or the negative log marginal likelihood is defined by

F (X) = − log
{∫

dπ

∫
dµ

∑

Z

p(X,Z,π,µ)
}

,

which is a function of hyperparamaters (a, b). In Bayes learning theory, F (X) is important because it is equal
to the likelihood of the statistical model.

3 Variational Bayes algorithm

In this section, we explain the well-known variational Bayes learning. Let θ = (π,µ) be the set of parameters.
For an arbitrary probability distribution q(Z,θ), its functional is defined by

F̄ [q(Z,θ)] =
∑

Z

∫
q(Z,θ) log

q(Z,θ)
p(X,Z,θ)

dθ.

It follows that
F̄ [q(Z,θ)] = F (X) + KL(q(Z,θ)‖p(Z,θ|X)), (7)

where KL(·‖·) is the Kullback-Leibler divergence. In variational Bayes approximation, the trial distribution
q(Z,θ) is optimized by the minimization of F̄ [q(Z,θ)] under the condition that

q(Z,θ) = q1(Z)q2(θ).

By using variational method, it is derived that the optimal distributions satisfy

log q1(Z) = Eq2 [log p(X,Z,θ)] + C1, (8)

log q2(θ) = Eq1 [log p(X,Z,θ)] + C2, (9)

where C1, C2 are the normalization constants. Also it is shown that the optimal distribution q2(θ) can be
parameterized by α = {αk} and {ηkm, η′km},

q2(θ) = Dir(π|α)
K∏

k=1

M∏
m=1

Beta(µkm|ηkm, η′km),

and that the recursive procedures are derived from eq.(8), eq.(9).
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VB e-step

log ρnk = ψ(αk)− ψ

(
K∑

k

αk

)

+
M∑

m=1

(xnmψ(ηkm)− xnmψ(η′km) + ψ(η′km)− ψ(ηkm + η′km)) ,

rnk =
ρnk∑K

k=1 ρnk

.

VB m-step

Nk =
N∑

n=1

rnk, νkm =
N∑

n=1

rnkxnm, ν′km =
N∑

n=1

rnk(1− xnm),

αk = α + Nk, ηkm = b + νkm, η′km = b + ν′km. .

Here ψ denotes the digamma distribution ψ(t) ≡ Γ ′(t)/Γ (t). At last,

F̄ (X) ≡ min
q1,q2

F̄ [q(Z,θ)]

is called the variational Bayes (VB) free energy. It is a function of hyperparameters (a, b). The numerical value
of VB free energy can be obtained by the above recursive calculations, which is applied to the variational model
evaulation. However, its theoretical behavior has been left unknown.

4 Main Results

In this section, we show the theoretical behavior of the VB free energy F̄ (X) of the Bernoulli mixture.
In practical applications, the true distribution is unknown, hence the appropriate number of components is

also unknown. If the true distribution can not be realized by the statistical model, then F̄ (X) is very large.
Therefore, in order to make a theoretical foundation for statistical model evaluation, we have to study the case
when the true distribution is realizable by statistical model. However, the Bernoulli mixture is a nonidentifiable
and singular statistical model, resulting that its VB free energy has not been clarified. To describe the main
theorem, we need the assumption and condition.

Assumption (A) . Let 0 ≤ K∗
1 ≤ K∗

0 ≤ K. The true distribution from which training samples are taken
is the model p(x|θ∗) represented by the minimum number K∗

0 of components and the parameter is given by
θ∗ = {π∗,µ∗1, · · · ,µ∗K∗

0
}

p(x|θ∗) =
K∗

0∑

k=1

π∗kB(x|µ∗k) (10)

where

0 < µkm < 1 (1 ≤ k ≤ K∗
1 ),

µkm = 0 or 1 (K∗
1 + 1 ≤ k ≤ K∗

0 ).

We use a notation ∆K∗ = K∗
0 −K∗

1 .

Since the Bernoulli mixture is a nonidentifiable, the mapping from the parameter to the probability distri-
bution is not one-to-one. We assume the following condition that the estimated distribution converges to the
true distribution when N tends to infinity.

Consistency Condition (C). Let Θ0 be the set of true parameters

Θ0 = {θ ; p(x|θ) = p(x|θ∗)}.
The empirical probabilities are defined by

Pk ≡ Nk

N
, pkm ≡ νkm

N
, p′km ≡ ν′km

N
.

Then the distance between xθ̂ ≡ {Pk, pkm, p′km} and Θ0 converges to zero in probability.

In this paper, we adopt the assumption (A) and the condition (C), and prove the following theorems.
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Theorem 1 Assume (A) and (C). Let K0 be the number of components which satisfy Pk > 0 and K1 the
number of components which satisfy 0 < pkm, p′km < 1. Then

F̄ (X)−NS(X)

=
((

M + 1
2

− a

)
K1 +

(
1
2
− a + Mb

)
∆K + Ka− 1

2

)
log N + O(1),

where ∆K = K0 −K1 and S(X) = − 1
N

∑N
n=1 log p(xn|θ∗).

In this theorem, K0 and K1 are random variables which are determined by the minimization of the VB free
energy. The components of K1 and ∆K are referred to as “nondeterministic” and “deterministic”, respectively.
Outline of the proof of Theorem 1 is shown in Appendix. The following theorem claims that they are essentially
determined by the hyperparameters.

Theorem 2 Assume (A) and (C). The random variables K0 and K1 are determined as follows.

1. If M+1
2 − a > 0, 1

2 − a + Mb > 0. Then K1 = K∗
1 , ∆K = ∆K∗.

2. If M+1
2 − a > 0, 1

2 − a + Mb < 0. Then K1 = K∗
1 , ∆K = K −K∗

1 .
3. If M+1

2 − a < 0, 1
2 − a + Mb > 0. Then K1 = K −∆K∗, ∆K = ∆K∗.

4. If M+1
2 − a < 0, 1

2 − a + Mb < 0.
(a) If b > 1

2 . Then K1 = K −∆K∗, ∆K = ∆K∗.
(b) If b < 1

2 . Then K1 = K∗
1 , ∆K = K −K∗

1 .

(Proof) Baed on Theorem 1, two random variables K0 and K1 are determined by the minimization of the VB
free energy.

1. Both K1 and ∆K become small, therefore K1 = K∗
1 and ∆K = ∆K∗.

2. K1 becomes large and ∆K becomes small, therefore K1 = K∗
1 and ∆K = K −K∗

1 .
3. K1 becomes small and ∆K becomes large, therefore K1 = K −∆K∗ and ∆K = ∆K∗.
4. The behavior of K1 and ∆K depends on their coefficients.

(a) M+1
2 −a < 1

2 −a+Mb ⇔ b > 1
2 : K1 becomes small and ∆K becomes large, therefore K1 = K−∆K∗

and ∆K = ∆K∗.
(b) M+1

2 − a < 1
2 − a + Mb ⇔ b < 1

2 : K1 becomes large and ∆K becomes small, therefore K1 = K∗
1 and

∆K = K −K∗
1 .

This completes the proof of Theorem 2 (Q.E.D.)

As a result, we obtain the following phase transition diagram in Fig.1.

Fig. 1. Phase transition diagram

5 Experiments

To illustrate the theorems, we conducted an experiment. The true distribution is given by the left of Fig.2,
M = 4, K∗ = 2. The training results by the model K = 3 is shown in the right. We experimentally investigated
the relation between the composition of the redundant components and hyperparameters by the following
process:

1. Execute the learning for 100 times with different initial conditions.
2. Extract the component which has the minimum mixture ratio as redundant component.
3. Sort the redundant components in ascending order of F̄ .
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The result is shown in the right of Fig.2. Although the learning results depend on the initial conditions, we can
see the following trends derived from the theorem.

– When a > M+1
2 = 2.5, the redundant component switch from “deterministic component” to “non-deterministic

component” around b = 0.5.
– When a < M+1

2 = 2.5, the redundant component switch from “deterministic component” to “no redundant
component” at a point less than b = 0.5.

Fig. 2. Relation between redundant component and hyperparameters

In practical case, the small clusters are often observed as ”deterministic components” because of the finite
sample size. Therefore this results suggest that the hyperparameter set (a, b) = (small, small) acts as the setting
to extract the small cluster without redundant components.

6 Conclusion

We theoretically derived the asymptotic behavior of the variational Bayes free energy. It was proved that there
exists the phase transition depending on hyperparameters both a and b. Furthermore we clarified the asymptotic
behavior of the redundant components.
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Appendix : Outline of proof of Theorem 1

By using q(Z,θ) = q1(Z)q2(θ) and log Γ (x) =
(
x− 1

2

)
log x− x + 1

2 log 2π + O
(

1
x

)
, the variational free energy

is given by

F̄ (X) =
(

Ka + N − 1
2

)
log(Ka + N)−

K∑

k=1

(
a + Nk − 1

2

)
log(a + Nk)

+
K∑

k=1

M∑
m=1

{(
2b + Nk − 1

2

)
log(2b + Nk)−

(
b + νkm − 1

2

)
log(b + νkm)

−
(

b + ν′km − 1
2

)
log(b + ν′km)

}
+

N∑
n=1

K∑

k=1

rnk log rnk + O (1) . (11)

Without losing generality, we can assume pkm 6= 0 and p′km = 0 (1 ≤ m ≤ M, K1 ≤ k ≤ K0). By applying the
consistency condition, we have

F̄ (X) +
N∑

n=1

log
K∑

k=1

ρnk =
(

(K0 −K1)Mb +
MK1

2

)
log N + o(log N). (12)

Finally, when θvb is the mean parameter of the posterior distribution, namely, θvb = {πvb,µvb} = {Eq(π)[π], Eq(µ)[µ]}
(where q(π), q(µ) are the variational posterior distributions), then we have

N∑
n=1

log
K∑

k=1

ρnk =
N∑

n=1

p(xn|θvb) + o(1). (13)

Therefore we obtain Theorem 1. (Q.E.D.)

40

Volume 11, No. 4 Australian Journal of Intelligent Information Processing Systems




